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Wavelength Selection and Growth of Gortler Vortices

Jerzy M. Floryan*
The University of Western Ontario, London, Canada

and
William S. Saricj

Virginia Polytechnic Institute and State University, Blacksburg, Virginia

An analysis of the growth of Gortler vortices and their effect on the laminar/turbulent transition process is
presented. It is shown that only disturbances corresponding to the basic mode need to be considered and that the
total growth of the disturbances depends upon the vortex size. Since the vortex wavelength is preserved in the
streamwise direction, the vortex wavelength selection mechanism indirectly affects the total growth of the
disturbances that dominate the instability process. It is shown that under ideal flow conditions, a vortex
wavelength selection mechanism may be based on the maximum total growth of the disturbances. It is
demonstrated that departures from the ideal flow conditions affect the vortex wavelength selection mechanism
and the total growth of the vortices. The case of streamwise vorticity in the basic flow is analyzed and is shown to
affect disturbances through a resonance.

Nomenclature
A =A*/AQ, ratio of disturbance amplitude to the am-

plitude at the neutral point
= streamwise extent of curved wall
= ec/ev =R(dr/(R)'/2 , Gortler number
= h<i>=h}f/, metric coefficients for inviscid streamlines
= radius of curvature of wall
= U^br/v^(U^/v)l/2, Reynolds number
= dimensionless basic state velocities
= freestream velocity, reference velocity
= dimensionless wavenumber
= dimensionless spatial amplification rate
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amplification rate for ideal flow conditions
amplification rate correction due to mean-flow
vorticity, Eqs. (21) and (39)
mean- flow vortex spanwise wavenumber
(yfylU^Y2 , boundary-layer reference length
1AR, small viscous parameter
Z)/(R, small curvature parameter
(6r/(R)//2 , small curvature parameter
amplitude of Gortler vortices
amplitude of mean-flow vortices
(t/00X/^)(X/(R)//2 , dimensionless wavelength
parameter
dimensional vortex wavelength
kinematic viscosity
amplification rate of mean-flow vorticity, Eq. (42)
potential lines for chordwise coordinate
dimensional chordwise distance from leading edge
ev4>, slow viscous scale
ec<£, slow curvature scale
streamlines for normal-to-the-wall coordinate
ec\l/j slow curvature scale
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I. Introduction

IT is known that a boundary layer over a concave surface
has a strong inviscid instability mechanism due to the

presence of centrifugal forces. This mechanism may produce
a secondary flow in the form of counterrotating vortices with
axes parallel to the direction of the mean flow. Such a
phenomenon is commonly referred to as the Gortler in-
stability. The resulting streamwise vorticity has been known
to be a strong modulator of transition to turbulence. Many
experimental and analytical efforts have been aimed at the
determination of conditions under which this unstable motion
sets in and the form it assumes. Floryan and Saric1 reviewed
these efforts and determined the minimum critical Gortler
number to be G — 0.4638; however, they found no critical
wavenumber ot nor critical wavelength parameter A . The
characteristics of the vortices generated by the instability are,
therefore, determined by the disturbance growth process. The
determination of the critical wavenumber may still be possible
and may require the inclusion of higher order curvature and
nonparallel effects.

The usual experimental technique for identifying the
disturbances is to look for the spanwise periodic variations in
the basic flow that are then interpreted as having been
produced by the counterrotating vortex pairs. This is an
indirect technique where the modulation of the basic state by
the unstable motion is observed. Obviously, the unstable
motion has to be sufficiently strong to permit such an
identification and disturbances under neutral conditions may
not necessarily fit into this category. The modulation of the
mean flow will be observable only at a certain distance
downstream from the neutral point. Thus, observations of the
naturally occurring vortices2"4 are very difficult and may not
be well suited for measurements of the critical Gortler
number. These experiments, however, provide valuable in-
formation about the form of the unstable motion. The
distribution of disturbance velocity across the boundary layer
is of particular interest. Disturbance velocity fields measured
by Tani2 and Bippes4 suggest that the disturbances have the
form of a single layer of vortices. This question will be
discussed in Sec. Ill with particular attention paid to the
higher modes.

The available measurements2"4 point toward the difficulty
of defining the spanwise wavenumber of the vortex emerging
from the instability motion for the given geometry of the wall
(R and flow conditions U^v. Tani2 and Tani and Sakagami3

performed a classical stability experiment in which they at-
tempted to create as perfect a mean flow as possible and then



1530 J. M. FLORYAN AND W. S. SARIC AIAA JOURNAL

to observe the naturally occurring vortices. They concluded
that they were unable to free themselves from the influence of
the environment and thus the observed spanwise wavelength
depended on the particular properties of the experimental
apparatus and its flowfield. Bippes4 confirmed their ob-
servations by noting that the disturbances in the oncoming
stream had a very strong effect on the size of the observed
vortices. In order to overcome the randomness of the
background disturbances, Bippes4 conducted experiments
with screens that produced an isotropic field of disturbances
in the oncoming flow. Then he observed that the naturally
occurring vortices were those with the highest amplification
rates, according to linear theory. * In all of these experimental
observations it was noted that the vortex structure, once
established, was preserved downstream. This fact makes the
wavelength selection mechanism very important. Vortices of
different wavelengths are amplified at different rates and
reach different total growth and, therefore, have a different
effect on transition. The question of a wavelength selection
mechanism will be discussed in Sec. IV.

There is a dearth of analytical as well as experimental data
concerning the streamwise growth of Gortler vortices and
their effect on transition. Liepmann5'6 observed the flow over
a wall of constant curvature and found that the Gortler
parameter had to reach a certain critical value before tran-
sition took place. Among other things, this value depended on
the level of turbulence in the oncoming flow. Liepmann5'6
determined the transition Gortler number to be G= 16.6 for
the lowest level of turbulence in his particular wind tunnel.
According to Wortmann7"9 and Bippes,4 different types of
instabilities follow the onset of the centrifugal instability, but
precede the bursts of turbulence. The exact sequence of events
depends, of course, on the 'flow configuration. Smith10

computed the total streamwise growth of the vortices and
found that their amplitude had to grow to a value of
A*/Af = exp(10) in order to correlate the transition location
found by Liepmann.5'6 The analysis of the growth and total
amplification of Gortler vortices based on the rational
analysis of Gortler instability presented by Floryan and Saric1

is discussed in Sec. IV.
The existing theoretical analyses of Gortler stability deal

with the ideal flow conditions. Here the ideal flow conditions
imply a purely two-dimensional basic flow. Such conditions
are difficult to achieve experimentally. The possible
deviations are due to the presence of the streamwise vorticity
in the mean flow and due to spanwise waviness of the wall.
The reader should note that spanwise waviness of the wall will
create a spanwise periodic component in the mean flow that
may be represented analytically in the same form as the
streamwise vorticity. The available experimental data2"4

suggest that the wavelength selection mechanism and growth
of the vortices are very receptive to small departures from the
ideal flow conditions. The questions of the influence of
streamwise vorticity in the oncoming flow on the growth of
Gortler vortices is addressed in Sec. V.

II. Problem Formulation
The unstable motion is driven by the local centrifugal forces

and thus the evaluation of these forces is important for this
analysis. The problem is, in general, configuration dependent
since the local streamline curvature depends on the overall
flowfield curvature rather than on the local value of the
curvature of the wall. Here we follow the analysis of Floryan
and Saric1 and limit ourselves to linear stability theory. The
configuration is chosen to be a cylinder with the streamwise
cross section in the form of a circular arc; thus the wall that is
modeled has a constant curvature 1/(R over a finite
streamwise extent D. Such a configuration possesses all of the
characteristic geometric properties that are important for the
intended analysis. The appropriate sketch of the flow

situation is given in Fig. 1. The following presentation is
limited to a short outline.

The analysis begins with the solution of the inviscid flow in
the assumed configuration. A set of conformal trans-
formations based on the Joukowski function provides an
explicit expression for the stream and potential lines of the
inviscid flow, thus allowing evaluation of the metric coef-
ficients for the system of coordinates based on the inviscid
streamlines and their orthogonals. For the boundary-layer
type of analysis, expansions of the metric coefficients for the
region close to the wall are needed. The terms that are
required for further analysis are given as

dh
0)

where \l/ and <t> are constants denoting the stream and potential
lines, h^ and h^ are the metric coefficients in the d^ and d0
directions, and ec—D/(R is the dimensionless radius of
curvature of the wall.

The basic state is chosen to be an incompressible, constant-
property, two-dimensional flow. The Navier-Stokes equations
are expressed in terms of a curvilinear orthogonal system of
coordinates (c/>,^,z), where z is the spanwise direction. The
effects of viscosity are represented by the small parameter
ev = v/Undf., while the effects of curvature are represented by
the small parameter ec. The leading-order approximation in
terms of ev and ec, when ev and ec are of the same order,
results in the familiar boundary-layer equations for flow over
a flat plate.

The stability analysis begins with the field equations made
dimensionless by using dr as a length scale for the \l/ and z
coordinates, the freestream velocity U^ as a scale for the C7,
V, and u' velocities, a "viscous velocity" scale v/br for the v '
and w' velocities, and pv2 /d2

r as a scale for the pressure
disturbances. Here, U and V denote the streamwise and
normal-to-the-wall mean- flow velocity components, while u' ' ,
v' , and w' stand for the streamwise, normal-to-the-wall, and
spanwise disturbance-velocity components, respectively.
Three-dimensional, steady, spatially growing disturbances are
superposed on the mean flow as

p/pUl = (2)

Floryan and Saric1 showed first that this is the correct scaling
for the Gortler vortex problem and that it leads to a set of
equations with only a single stability parameter. The quan-
tities in Eq. (2) are substituted into the field equations, the
basic-state solution is applied to delete the basic-state terms,
and the equations are linearized.

Fig. 1 Schematic diagram of the flow situation.
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The dominating length scale of the problem dr is related to
the boundary-layer thickness. Although the metric coefficient
given by Eq. (1) is cast in terms of the stream wise extent of the
curved wall D as a length scale, it is convenient to redefine it
in terms of the length scale dr. Then the curvature parameter
ec may be replaced by ec = V6^/(R. These parameters are not
equal. However, they are of the same order of magnitude and
one does not need to make a distinction between them on the
intended level of
assumes the form

approximation.1 The metric coefficient

dh
(3)

where the slow scale ^2 = ̂ c^ is introduced to accommodate
the rescaling of the coefficient.

Boundary-layer theory gives the chordwise variation of the
mean flow in terms of the slow scale <£7 =e y </> (see Ref. 1).
Definition of a proper scale governing the streamwise
variation of the disturbance motion is more involved. The two
small parameters, e^ and ec, appearing in the stability
problem, are assumed to be of the same order of magnitude.
We may define two slow scales, </>7 =e y</> and <t>2 = ec<l>, and
each of them is equally well suited for the analysis. One may
argue that when viscous diffusion dominates, the unstable
motion would depend on the same scale as the mean flow. On
the other hand, if curvature effects are dominant, the proper
scale would be <£2 • The distinction is only superficial and here
we follow Floryan and Saric1 and adopt the scale </>7 ;
however, we will come back to this question in Sec. IV.

The leading-order approximation for the disturbance
equations results in the following set of equations:

du duf
Tl(U,V,ul,vt,w',pt)=u'——+U——-

d</>7 d</>7

d2u' d2ue

"W~~W =0

T2(U,V,u',v',w',p')=U

dv'

dv' , dv
d(j)j d(f) i

d2v' d2w'

du
' —

d\{/

fdV
d^

(4)

(5)

dw' dw' dp '
T3(U,V,u',vf,w',pf)=U-—— + K — — +^~

d2w' d2w'
= 0

d\l/

du' dv' dw'
T4(U,V,u',v',w',p') = —- + ̂ 7 + -̂ - =0o<p7 o\j/ oz

(6)

(7)

The Gprtler number G is defined as G = (UQOdr/v)
xV6 r/(R. Note that ec does not appear explicitly in the
equations and to this order of approximation the equations
are configuration independent. This is a result of the correct
scaling chosen in Eq. (2). The disturbances are assumed in the
form of

(ur ,v' ,p') =
(8)

w' =

where a. is the spanwise wavenumber and /3 the spatial am-
plification rate in the streamwise direction. Equations (4-8)

are supplemented by the homogeneous boundary conditions
expressing the no-slip and no-penetration conditions at the
wall and the attenuation of disturbances far from the wall.
The system of Eqs. (3-8) forms an eigenvalue problem for
(o:,&G), which is solved with the numerical procedure
described in Ref. 1.

III. The Unstable Motion
The Gortler number G is the critical stability parameter and

when the curvature of the wall (1/(H), the velocity of the
oncoming stream U^, and the type of the fluid v are fixed, it
may be interpreted as a measure of the distance from the
leading edge. The increase of the Gortler number corresponds
to moving downstream to a new location. Note that the length
scale dr is a function of the streamwise location. Since the
dimensionless wavenumber a is normalized with <5r, it is a
variable in the flow direction. It is convenient, therefore, to
introduce a dimensionless wavelength parameter A, which is
constant in the flow direction. Thus

(9)

where X is the dimensional wavelength in the z direction.
Once the critical value of the Gortler number is reached, the

unstable motion sets in. According to the experimental ob-
servations,2"4 this motion has the form of one layer of
counterrotating vortices. Thus, the disturbance velocity field
corresponds to the first mode of the system of Eqs. (4-8).
Herbert11 pointed out that the observed disturbances may be
produced by a superposition of the fundamental and higher
modes. The neutral curves for the fundamental and higher
modes are given in Fig. 2 and the associated disturbance
velocity field is illustrated in Fig. 3. Note that zeroes of the w
velocity profiles define centers of the vortices, while zeroes of
the v velocity profiles define borders between different
vertical layers of vortices. The eigenfunctions have been
scaled by imposing the condition that max \u\ = 1. The first
mode corresponds to one layer of vortices, while the second
and the third correspond to two and three layers of vortices,
respectively. Note that the first mode is the most unstable and
under normal circumstances it would dominate the instability
process. The higher modes are relatively more stable due to
the higher dissipation associated with the larger velocity
gradients of the respective velocity fields. These modes would
never appear under normal circumstances. However, under
special conditions, i.e., vorticity present in the oncoming
flow, they might be forced into the boundary layer.
Moreover, Fig. 2 illustrates that care must be taken in
calculations for a> 1 where the eigenvalue search may easily
hit upon a higher mode. Since we are interested mostly in
standard conditions, we will limit the further discussion to the
fundamental mode.

The basic stability diagrams are giveji in Figs. 4 and 5. For
convenience, we use the growth rate J3 = P/G. The choice of
the definition is justified in Sec. IV. The growth rate curves in
terms of /3 are given in Ref. 1. Figure 4 is the standard stability
diagram, while Fig. 5 is cast in terms of the wavelength
parameter A defined in Eq. (9). The interpretation of both
diagrams is straightforward if we consider the Gortler number
to be a measure of the downstream distance from the leading
edge. We begin in a streamwise location corresponding to,
say, G = 0.3. This is a stable region and all disturbances are
damped out. When we move downstream and cross the
location corresponding to the neutral curve, a whole band of
wavelengths begins to grow. This band is unbounded on the
side of small wavenumbers (large wavelength parameters).
However, there is a well-defined boundary separating stable
and unstable vortices on the side of large wavenumbers (small
wavelength parameters). The cutoff wavelength parameter,
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defining the lower bound of the unstable wavelengths, is
Ac =44.29. When vortices of decreasing size (increasing wave-
numbers) are considered, the gradients of the associated
disturbance velocity fields increase, leading to a higher
dissipation. This dissipation is responsible for the elimination
of the large wavenumber (small wavelength parameter)
vortices.

When we cross the neutral curve moving toward increasing
Gortler numbers, the question arises as to which wavenumber
from the band of wavenumbers that becomes unstable will
emerge as a result of the instability. Since there is no critical
wavenumber nor critical wavelength parameter, the
wavelength selection mechanism is determined by the
disturbance growth process. We will come back to this
question in Sec. IV.

In all of the experimental observations, it was noted that
the wavelength of the disturbances was conserved in the flow
direction. We may analyze the streamwise development of
vortices of a particular wavelength by following lines of
constant wavelength parameter A in Figs. 4 and 5. We choose
a vortex corresponding to A = 210 for this purpose. It will be
shown in Sec. IV that this is the most amplified and therefore
the most dangerous disturbance. The appropriate disturbance
velocity field at four streamwise locations is illustrated in Fig.

100.0

0.1 l.O
WAVENUMBER, a

i ao

6. The eigenfunctions have been scaled by imposing the
condition max(w) = 1. At the neutral curve the distribution of
the u velocity component is very similar to the mean flow. The
v and w velocity components are relatively small. This
suggests that the disturbances will be very difficult to identify
at the very initial stages of the unstable motion. The
developing spanwise periodicity of the mean flow seems to be
the easiest identifiable sign of the developing unstable motion.
As we move in the downstream direction (increasing G), the
center of the vortex moves toward the wall and at the same
time the magnitudes of the v and w velocity components
increase considerably. The calculations show that disturbance
velocity profiles for A>160 (a<0.15) have the form similar
to the mean velocity profile. For A< 160, the form is not like
the mean flow; however, the corresponding vortices have
never been observed to occur naturally.

The results of the experimental measurements of the
disturbance velocity field are given in Refs. 2 and 4. Tani2

investigated naturally occurring disturbances with the help of
a hot wire. He measured only the u velocity component and
his results agree well with the computed eigenfunction.
Bippes4 measured all three velocity components. His ex-
periments were made using the hydrogen-bubble flow
visualization technique. The velocity field was obtained by
measuring the displacements of the hydrogen bubbles. The
disturbances were triggered by the heated wires longitudinally
placed close to the leading edge. Figure 7 gives the comparison
of the measured disturbance velocity components with the
appropriate eigenfunctions. The u, v, and w velocities are
normalized with the maximum value of the u component,
Mmax.. The ratios vn x/«max found in the theory

Fig. 2 Neutral stability curves for the first three modes of the
Gortler instability of the Blasius boundary layer.

are approximately half the values found in the experiments.
The relative numbers are 0.16 and 0.085 for the experiments
and 0.08 and 0.04 for the theory. The difference is large;
however, the measurements were made for very strong
disturbances where, for example, the u component of the
disturbance velocity was in the range of 10% of the mean
flow. Nonlinear effects may be important under such con-
ditions and this may explain the difference between ex-
perimental and theoretical data. Bippes'4 experiments provide
the only available measurements of the v and w disturbance
velocity components. The only other statement about them is
due to Wortmann,8 who found that they are 20-30 times
smaller than the u component.

IV. Wavelength Selection Mechanism
and Growth of Vortices

The lack of a finite critical wavenumber o: and a finite
critical wavelength parameter A (Figs. 4 and 5) suggests that
the wavelength selection mechanism is determined by the

ex= 1.0, G= 16.22, A= 255.5
© FIRST MODE (0= 9.34) (2) SECOND MODE (0= 3.18)

(3) THIRD MODE (0 = 0.0)

Fig. 3 The disturbance velocity field
corresponding to the first three in-
stability modes for the same
wavelength parameter A and the same
Gortler number G.

-0.8 -0.6 -0.4 -0.2 0.0
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WAVENUMBER, a

Fig. 4 Curves of constant amplification rate j8 = #/G as a function
of Gortler number G and wavenumber a for the Blasius boundary
layer, comparison of theory with experiments. Experimental points
due to Tani2 and Tani and Sakagami3 : o U& =11 m/s, (R = 10 m; n
£700=7 m/s, (R = 5 m; U^=l m/s, (R = 3 m; A 11^=16 m/s,
(R = 10 m; v £/<» = 7 m/s, (R = 1 m. Experimental points due to
Bippes4 : > 1 U^ = 0.3 m/s, (R = 0.5 m; > 2 £/„ = 0.075 m/s, (R = 0.4
m; >3 {/a, =0.075 m/s, (R = 1.0 m (obtained with screens used to
produce an isotropic field of disturbances in the oncoming flow).

100.0 1 1 i i i i i

WAVELENGTH PARAMETER, A = U«e

Fig. 5 Curves of constant amplification rate $ = fi/G as a function
of Gortler number G and the wavelength parameter A for the Blasius
boundary layer (see Fig. 4 for legend).

disturbance growth process. The growth process is well
illustrated with the help of the local amplification rates as
shown in Figs. 4 and 5. The experimental attempts to
quantitatively measure the amplification rates are due to
Tani2 and Bippes.4 Tani2 measured disturbances occurring
naturally in air flowing with velocity Ux = 11 m/s over a wall
of radius of curvature (R = 10 m. The observed disturbances
correspond to the wavelength parameter A = 650 and are
marked with circles in Figs. 4 and 5. The measured am-
plification rate, 0 = 0.74, agrees well with the theoretical value
computed for the conditions described by the experimental
point with the third lowest Gortler number (Fig. 4). However,
since Tani2 does not state which experimental point this value
of the amplification rate is related to, we say only that the

A = 210.0 0 G = 0.5628 (NEUTRAL VORTEX)
(2) G= 5.0 (3) G= 10.0 © G= 20.0

0.0 0.2 0.4 0.6 0.8 1.0 -25 -20 -15 -10 -5 0 „ -10 - 5 0 5 10

Fig. 6 Disturbance velocity field for the wavelength parameter
A = 210 as a function of Gortler number G.

1.0

0.5

0.15

V 0.10

0,05

0.10

0.05

0.00

-0.05

THEORY
EXPERIMENTS

2 3 4 5 6

Fig. 7 Disturbance velocity field, comparison of theory with ex-
periments (experimental data from Bippes4 for Uw =0.06 m/s, (R = 1
m, A = 1.7 cm).

experimental and theoretical amplification rates are within the
same range. Table 1 gives values of the amplification rates
determined experimentally by Bippes,4 who investigated the
behavior of disturbances artificially forced into the boundary
layer. The measured amplification rates are considerably
smaller than their theoretical counterparts. However, as has
been noted in Sec. Ill, these measurements were made with
very strong disturbances and thus the nonlinear effects may be
responsible for the slowing of the growth process.

Since the wavelength selection mechanism is determined by
the disturbance growth process, one might presume that a
vortex defined by the wavelength parameter A corresponding
to the value that stays closest to the line of maximum am-
plification in Figs. 4 and 5 has the most favorable conditions
to grow. It is known from experiments that the wavelength
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Table 1 Comparison of observed and computed amplification rates
at U* = 0.06 m/s, (R = 1 m, and A = 170 (Ref. 4)

x, cm from
leading edge

27.5
37.5
47.5

Q!

0.742
0.861
0.966

G

5.92
7.4
8.8

0
experiments

0.933
1.126
1.340

0
theory (ideal

flow conditions)

2.27
3.11
4.09

selection mechanism acts only up to the establishment of the
vortices, which are then preserved downstream regardless of
the local growth rates. This points out the importance of the
very initial stages of the instability process. The form of the
curve of maximum amplification close to the neutral curve
does not allow the choosing of the most dangerous vortex
based only on the analysis of Figs. 4 and 5. However, if the
vortices are not established until at least G —2 (and this is
supported by the experimental data summarized in Figs. 4 and
5), then the vortices of A —200 should have the highest growth
rates and should dominate the instability. The relative im-
portance of different vortices can be checked by evaluating
the total growth. The amplitude A* of the disturbances
changes according to

d</>* (10)

where * denotes dimensional quantities. Then the total growth
may be evaluated as

(11)

where A$ = ^4*(</>0*). When dimensionless quantities are in-
troduced, the above relations can be transformed to

U G 4 3 l- -dGG0 3 G J (12)

where A=A*/A$ and ^4(G0)=1. Initial conditions
corresponding to the neutral curve were adopted in all
computations based on Eq. (12). It is convenient to introduce
the amplification rate 0 defined as

(13)

Since $ appears explicitly in Eq. (12) describing the total
growth of disturbances, 0 rather than 0 should be used to
characterize the spatial amplification of the disturbances.
This is the main reason for using 0 rather than 0 in Figs. 4 and
5. Additionally, the locus of maximum amplification points
are more easily identified by using 0. The evaluation of the
total growth has been carried up to G = 20.0, which
corresponds to the downstream location where vortices are
well developed, according to the experimental data (Figs. 4
and 5). One particular dimensional wavelength of the vortex
(A = const) has been followed downstream for each in-
tegration. Figure 8 illustrates the distribution of the total
growth for different vortices at streamwise locations
corresponding to G = 5.0, 10.0, 15.0, and 20.0. The maxima
of these curves define the most amplified and therefore the
most dangerous disturbances. These maxima are located in
the range of A = (190, 210) regardless of the streamwise
location. Bippes4 noted that when the experimental apparatus

did not favor any particular wavelength, the most amplified
disturbances were observed. These corresponded to A =195,
210, and 212 depending on the flow conditions. Thus, it
appears that the theory compares well with the experiments. It
should be mentioned that the maxima of the curves of the
total amplification in Fig. 8, as well as minima of the curves
of constant growth rate in Fig. 5, are relatively flat.
Moreover, the growth rates for G<2.0 are relatively small.
Thus, a whole band of wavelengths may be equally
predestined to emerge as a result of the instability and the
good agreement between the theory and experiments may be
coincidental. The experimental points due to Tani2 and Tani
and Sakagami3 correspond to A = 650 and 1250 (Figs. 4 and
5). Total growths at G = 20 are given as exp(9.7) and exp(9.8),
respectively, as compared with exp(l 1.65) for A = 210 (Fig. 8).
These data suggest that under certain circumstances the
wavelength selection mechanisms may be based on the
maximum amplification rate of the initial disturbances. That
is to say, the observed wavelength depends on the location
(the value of G) of the initial conditions. Thus, the selection
process may be very easily affected by the properties of the
experimental apparatus that determine the entry location to
the locus of the maximum amplification rate. Moreover,
characteristics of the mean-flow disturbances can also affect
wavelength selection.4 The curves of the total growth as
functions of the streamwise location are given in Fig. 9. These
calculations correspond to the vortex wavelengths observed
experimentally.2"4 Note that the analysis of the behavior of
the vortices under ideal flow conditions does not adequately
explain the differences between these observations.

The neutral curve defines a location where the instability
mechanism is activated. Disturbances become observable only
at a certain distance downstream from this location, i.e.,
where their amplitudes become large enough to modify the
mean-flow substantially. The minimum total growth that
allows disturbances to become observable depends on the
flow conditions. In all of the flow regimes studied by Tani and
Sakagami,3 G = 2.0 was the minimum value of the Gortler
number at which vortices were observed. This corresponds to
the total growth of vortices of ^4 = exp(0.184). In the ex-
periments by Bippes,4 which compare well with the analysis
of an ideal flow situation, disturbances had to grow by the
factor of exp(1.68) to become observable at a Gortler number
of G = 5.62. Thus, it may be possible to influence the
wavelength selection process.

Under certain conditions, Gortler vortices may dominate
the transition process. Experimental data related to transition
are given by Liepmann5'6 and Bippes.4 The complexity of the
process did not allow Bippes4 to define the transition Gortler
number. Liepmann5'6 provided an estimate of the transition
Gortler number to be G=16.6 for the lowest level of tur-
bulence in his wind tunnel. This estimate may be a little
imprecise, but it allows us to extend the discussion. Let us
assume that Liepmann5'6 reproduced ideal flow conditions
and thus transition in this experiment was caused by the most
amplified disturbances. The disturbances grew by the factor
of exp(8.93) from the location corresponding to the neutral
curve. Note that an insignificant part of this growth
(exp 1.68) occurred before disturbances became visible.
However, this early growth is important because it is over this
distance that the selection mechanism operates. The distance
between the point of activation of the instability and the point
of transition corresponds to an increase of Gortler number of
about AG —16.1. Part of this change, AG — 5.1, corresponds
to the growth of disturbances before they are observable and
part, AG —11, corresponds to the growth after they are
detected. Thus, the vortices are observable on the greater part
of the distance between the point of activation of the in-
stability and the transition location. Recall that the above
discussion is based on the assumption that ideal flow
conditions were generated experimentally. There are a
number of possible departures from these conditions that
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Fig. 8 Curves of total growth of disturbances as a function of the
wavelength parameter A.

could have influenced experimental observation. Moreover,
the definition of transition as caused by the Gortler vortices
needs some clarification.

V. Effects of Mean-Flow Velocity
Bippes4 observed that the manifestation of the Gortler

vortices was strongly dependent on the nature of the mean-
flow disturbance environment. This suggests that one
possibility for a wavelength selection mechanism is the in-
teraction of the streamwise vorticity of the mean-flow with
the Gortler vortices.

Problem Formulation
The stability of a basic flow that consists of the super-

position of the Blasius flow and a flow corresponding to
counterrotating, streamwise vortex pairs is considered. Such
vortices, whatever their source, once placed inside the
boundary layer, are amplified or damped the same way as
Gortler vortices.1 The mean flow is described by

W=esevWJ((t>],\l/)smyz

(14)

where subscript 0 refers to the Blasius flow and subscript /
refers to the flow corresponding to the streamwise vortices.
The parameter 7 is a dimensionless spanwise wavenumber and
e5 a small dimensionless quantity indicating the strength of the
streamwise vortices present in the mean flow. Definitions of
the remaining symbols together with the proper scaling have
been described in Sec. II. It should be noted that the u vortex
velocity component is an order-of-magnitude larger than the v
and w vortex velocity components. The small-disturbance
quantities are superposed onto those given in Eq. (14) so that
the total flow quantities become

U+epu'

W+epevw'

V+epevv'

(15)

where ep is a small dimensionless quantity indicating the order
of magnitude of the amplitude of the Gortler vortices. In this
paper, ep is assumed to be much smaller than e5 and ev so that
terms of the order of ep can be neglected when compared with

a.

o.o
20.0

GORTLER NUMBER, G
Fig. 9 Curves of total growth of disturbances as a function of
Gortler number G for different values of the wavelength parameter A.

epes and epev. Substituting these total flow quantities into the
field equations described by Floryan,12 subtracting the basic-
flow quantities, keeping the linear terms in the disturbance
quantities, and then substituting Eq. (14), one obtains

duf dU,

du' 3U1

j
T2(U0, V0,u',v',w',p' ) = -es ^(Uj —— + ̂  uf

1 ——

du'

dv'
(16)

dv' dV,
'T7 + ̂ T v' +2G ui"'

07)

K dw' dw'
UlW*Vl~W

\ fdWj dW, dw'\ I
+ yWjW' JCOS7Z + \-^T-U' +-^-rv'+W1—- Ishvyz

/ \ O07 Ol/' OZ / J

(18)

Operators Tl9 T2, T3, and T4 have been defined by Eqs. (4-7).
Equations (16-19) need to be supplemented by initial and
boundary conditions. The initial conditions are specified
later, while the boundary conditions for an impermeable
surface are the usual homogeneous conditions

u' =vf =w' =0 at \l/ = 0

u',v',w'-^0 as \l/—<x> (20)

The solution for the disturbances assumes the form

(21)
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where q' stands for any disturbance quantity. Substitution of
Eq. (21) into Eqs. (16-20) and application of perturbation
methods15 results in the following:

1) Order e?

LJ^O.VO.WQ.PO) =

d2u0 d2u0

dz2
= 0

—± + -^v0d\// d\f/

(22)

O^T + -TV V0d\f/ o\l/

(23)

dU0 du0 dU0 d2u0 = 0 (31)

-rrd\f/

(32)

(33)

(34)

dz2

- -
d\l/

—r + -—• =0
d\l/ dz

(24)

(25)

with homogeneous boundary conditions.
2) Ordere,7

-Q — U0

(26)

&( O IV"

-rrUoo<Pi

(27)

d\{/ dz
sm7Z

(28)

(29)

with homogeneous boundary conditions.
The initial conditions are taken such that the solution of the

zeroth-order problem [Eqs. (22-25)] consists of a set of
counterrotating vortices of spanwise wavenumber a,

(30)

Substitution of Eqs. (30) into Eqs. (22-25) yields the following
eigenvalue problem:

with homogeneous boundary conditions. The above equations
define the Gortler stability problem for ideal flow conditions.
One can solve Eqs. (31-34) for eigenvalues a, /3, and G and
obtain the respective eigenfunctions. The appropriate
numerical procedure is described in Ref. 1.

Substituting Eqs. (30) into Eqs. (26-29) yields

Ll ( ult v]9 W^PJ ) = - j87 U0u0cosaz

L2(u1,v1,wl9p1) = -

t „ dv0 dVj

(35)

dVj
'W;"0

(36)

L3(u],vI,wI,pI)=-/31U0w0smaz-- (i

\ l ($wi+ yW]w0)sm(y-a)z-- \-^ruo +/ 2 \ o(bj

L 4 ( u l f V j , w]tpj ) = -/31 u0cosaz

(37)

(38)

with homogeneous boundary conditions and where N.S.T.
stands for terms that are proportional to cos(7 + o:)z or
sin(7 + a)z that do not produce secular terms in ul, vlt w7, or
Pi>

Since the homogeneous parts of Eqs. (35-38) are the same
as Eqs. (31-34) and since the latter have a nontrivial solution,
the inhomogeneous Eqs. (35-39) have a solution if and only if
the inhomogeneous parts are orthogonal to every solution of
the adjoint homogeneous problem.15 These solvability
conditions depend on whether 7 = 2a or not. If 7 is away from
2ce, satisfying the solvability conditions requires setting /37 = 0
and thus the Gortler vortices are unaffected by the presence of
the vorticity in the mean flow. If y = 2cx, the correction for the
amplification rate is given as

(39)
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where

+ aWjU0 + yUjW0 j v0 -
dv0

f 0°
=

J "

(40)

(41)

are solutions of the adjointand f7, f 2 > £?» and
homogeneous problem.

The mean- flow vortex components appearing in Eqs. (40)
and (41) are amplified the same way as Gortler vortices.1
Thus, they assume the form

(42)

where cr is the amplification rate of the mean-flow vorticity.
Substitution of Eq. (42) into Eq. (40) results in

= l/2 Fexp(jad</>7) (43)

where the expression for F can be easily deduced. Equation
(43) suggests a very strong interaction effect. The am-
plification rate correction /37 grows exponentially like the
mean-flow vortex. Thus, the growth of the disturbance due to
the interaction will be double exponential and may quickly
dominate the instability process.

The double exponential growth appears to be typical of
problems of this type, as shown by Nayfeh13 for vortices
affecting Tollmien-Schlichting waves and Herbert and
Morkovin14 for Tollmien-Schlichting waves affecting Gortler
vortices. In the case considered here, any latent stream wise
vorticity can strongly influence the observation of the
spanwise wavelength by amplifying a narrow band of
wavelengths. In some sense, this is related to the experimental
technique of strongly fixing the spanwise wavelength by either
introducing mean-flow vorticity7 or changing the spanwise
boundary conditions.4

Numerical Results and Discussion
The amplification rate correction 07 has to be evaluated

numerically and the appropriate numerical procedure is
described in Ref. 16.

Equations (39-41) defining /37 are valid when the mean-flow
vorticity constitutes only a small fraction of the basic flow.
Since the correction /37 grows exponentially in the streamwise
direction [see Eqs. (39-42)], its value may be interpreted only
locally. It is then sufficient to evaluate

jS/=j8//exp(Iad0 /) (44)

The above definition of the correction /37 does not include
effects of the variations of the mean-flow vorticity from one
chordwise location to another. The value of /§7 depends

directly on the way the solution of the mean-flow vorticity is
normalized. For the present calculations, the normalization
was chosen in such a way that max«7 = 1. Then, the parameter
es introduced in Eq. (14) may be interpreted as defining the
relative strength of the mean-flow vorticity as compared to
the Blasius boundary layer.

The numerical computations were performed for the three
values of the wavelength parameter A corresponding to the
experimental observations by Tani and Sakagami3

(A-650, 1250) and Bippes4 (A = 210). The disturbances were
allowed to interact with the resonant wavelength from the
mean-flow vorticity. The results are presented in Table 2.

Tani and Sakagami3 observed disturbances naturally oc-
curring in their experimental apparatus. They concluded that
the vortex wavelength depended on the particular properties
of the experimental apparatus and that the wavelength they
observed did not correspond to the most amplified distur-
bance. This agrees qualitatively with the results presented in
Table 2. For the Gortler numbers close to the neutral curve,
i.e., where the wavelength selection mechanism is active,
effects of the interaction tend to accelerate growth of the
vortices. Thus, it is possible that the mean-flow in the ex-
perimental apparatus used by Tani and Sakagami3 contained
vorticity that gave rise to the disturbances corresponding to
A = 650 and 1250.

Bippes4 investigated the effects of the mean-flow distur-
bances on the naturally occurring Gortler vortices and
concluded tfyat the wavelength selection mechanism is in-
fluenced by the particular form of the oncoming disturbances.
When all possible disturbances were introduced into the
oncoming flow, the Gortler vortices corresponding to the
most amplified wavenumber (A = 210) were observed. For
small values of Gortler number, the corrections to the am-
plification rate j§, corresponding to vortices characterized by
A = 210, are larger than for vortices characterized by A = 650
and 1250 (Table 2). This might suggest that the interaction
mechanism is strongest for the most amplified vortices.
However, this supposition has been checked and was found
not to be true. Therefore, it may be concluded that when an
isotropic field of disturbances is present in the oncoming
floWj the interactions between the vortices and mean-flow
vorticity do not affect the wavelength selection mechanism.

Bippes4 also investigated the streamwise vortices that were
artificially forced into the boundary layer. He measured the
amplitudes and calculated the amplification rates. His data
are presented in Table 1. Note that the experimental am-
plification rates for high Gortler numbers are much smaller
than their theoretical counterparts. This lower amplification

Table 2 Amplification rate correction 07 [Eq. (44)]
due to the interaction of disturbances with the mean-flow vorticity

A = 210 A-650 A-1250

1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0
5.5
6.0
6.5
7.0
7.5
8.0
8.5
9.0
9.5

10.0

0.465
0.505
0.450
0.338
0.189
0.011

-0.189
-0.409
-0.646
-0.899
-1.167
-1.447
-1.740
-2.048
-2.368
-2.694
-3.031
-3.379
-3.737

0.244
0.260
0.195
0.074

-0.088
-0.282
-0.500
-0.739
-0.995
-1.269
-1.555
-1.854
-2.168
-2.499
-2.833
-3.180
-3.540
-3.916
-4.305

0.185
0.215
0.180
0.097

-0.023
-0.174
-0.348
-0.541
-0.751
-0.974
-1.211
-1.456
-1.712
-1.979
-2.254
-2.534
-2.825
-3.125
-3.436
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rate was attributed to some type of interaction between
disturbances, since the observed amplitudes were quite large
(see Sec. IV). The model presented here may be interpreted as
describing the interaction between two sets of Gortler vor-
tices. The results presented in Table 2 show that the vortex-
vortex interaction lowers the amplification rate for Gortler
numbers greater than 3, which is in qualitative agreement with
the experimental observations summarized in Table 1.

VI. Conclusions
An analysis of the wavelength selection mechanism and

growth of Gortler vortices is presented. Results show that
under ideal flow conditions the most amplified disturbances
will result from the basic instability process. The wavelength
selection mechanism and the disturbance growth process are
easily affected by departures from ideal flow conditions.
When mean-flow vorticity is considered, the growth of
disturbances due to the interaction is double exponential and
may quickly dominate the instability process. Numerical
results show that in the region close to the neutral curve,
where the wavelength selection process is under way,
streamwise vorticity of the spanwise wavenumber 7 excites
disturbances of the wavenumber y/2 and therefore these
disturbances, rather than the most amplified ones, may result
from the instability. Far downstream from the location
corresponding to the neutral curve, where vori :es are well
developed, the interaction process tends to slow the growth of
the disturbances.
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